N

10

11

12

13

14

15

16

17

18

19

20

21

22

23

It's a Home Run!

Using Mathematical Discourse to Support the Learning of Stadtics

The standards developed by the National Council of Teadidviathematics
(2000) state that instructional programs should enable allrggittecommunicate
mathematical ideas. The standards indicate that gmodhanication includes the ability
to express organized and precise ideas, and the abilitalgzarand evaluate the
mathematical thinking of others. Learning mathematics gegsnd procedural fluency;
it also includes learning to discuss mathematical idEasthis purpose, small groups
have become a frequent configuration in the mathematssroom, and when combined
with a suitable exercise, small group discussions cam pasitive effects on
mathematical understanding.

Just putting students in groups, however, does not guaraonthecpve
discussion. Students may not recognize what they sheuldlking about and they can
talk about the wrong things; or they may not have a drivingtequreto keep their
discussions lively and moving forward. Exceptional mathembgixercises and
knowledgeable teachers are needed to elicit effectivasforf discourse — discourse that
naturally moves towards precision, clarity, generadityd gives students the foundation
to more easily learn future, related concepts. Hergregent an example of an activity
that has worked well for generating productive discussidren teaching statistics.

Discourse that Prepares Students for Learning

The Algebra 1, Algebra 1.1 (first half of Algebra 1 meoyear's time), and

Algebra 1A (honors Algebra 1) students and teachers dtigliischool were asked to
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participate in a university studyventing to Prepare for Future Learning, designed by
Schwartz and Martin (2004). Students invented their owrswayneasure variability by
completing specially designed activities. These “inventctivities” were unique,
because the goal was not for the students to actuattpwr the canonical solutions for
measuring variability (though that would have been a futeame). Instead, the goal
was for the students to have productive discussionptbptired them to deeply
understand the standard solutions, which were eventuallynpeelsey the teachers.
Letting students invent their own solution methods wag kelpful to us as teachers; it
relieved us of the difficult task of guiding students to mve&orrect methods without

undermining their own production and discussion of mathealatieas.

L 2 ¢ ®
* *
I .
®
Ronco Pitching Machine Big Bruiser Pitchomatic
[ 11
I |
oo
A 4
L d
|
Fireball Pitchers Smyth’s Finest

Figure 1. Pitching Machine Task
To clarify how the inventing tasks promote student discussnmhlearning, we
use the example of an activity called “Pitching Machin@a/é have included the

Pitching Machine activity in the back as a worksheet.) Stadectived the grids shown
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in Figure 1. Each black circle indicates where a padadéd when aimed at the X in the
center. The students’ task was to find a method to competeahility index for each
machine; the method should produce a score that ranksreatine on a reliability
continuum so people can decide which one they would likeyo When students asked
whatreliability means, the teacher encouraged them to create a defibésed upon
characteristics a baseball coach would look for irtipasing a pitching machine.

The grids used an instructional technique cat@drasting cases. Contrasting
cases, like tasting glasses of wine side-by-side, canpleslple notice aspects of a
situation they might otherwise overlook. In the contestatistics instruction, the
contrasting cases helped students notice important quaetpaoperties. For example,
the grids held different quantities of pitches, so sttgleaticed that their solution
method needed to handle different sample sizes. Témmprd them to understand why
variability formulas often divide bi (to take the average of deviations from the mean).
Another example involves the pitching machine with attaister of pitches that are far
away from the target. When contrasted with the attechines, this case helped students
notice that variability is not the same thing as inaacyrwhich is a common early
confusion for students.

The teachers’ responsibility was to circulate amongytbeps, clarify the task
and ask questions. Some teachers found it awkward to gegmj answers, but this
wore off quickly when they saw the results of thestraint. There is, in fact, more than
one way to measure reliability, and this provided studentsased latitude in generating

feasible solutions.
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Figure 2. A few sample student solutions.

The students worked in small groups (2 to 5 students) for appri@yndd
minutes to invent their reliability index. Figure 2 showsemf the creative ways they
tried to solve the problem: (A) Found the area coverethéypitches; this is equivalent to
a range formula because only the far points affecatisever, (B) Found the perimeter
using the grid marks and used the Pythagorean Theorem to eotinpuéngth of each
line segment; this is similar to summing the distancesd®s consecutive numbers in a
data list, except it often ignores interior poin(€) Found the average distances between

pairs of points, although pairings are selected haphazanidymethod uses the average
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instead of summing, (D) Found the average distance frioaplaazardly chosen point to
all other points; if they had chosen the distanceftibe mean of the points instead of an
arbitrary starting point, this would be equivalent to tleamdeviation, (E) Found the
frequency of balls in each of the four quadrants; thesrisre frequency-based solution,
(F) Found the average distance between all pair-wisgosing a ruler: this is a
general, but tedious solution.

These ninth-grade students had studied measures of cerdei¢grand
graphical representations extensively in middle schooh#&ddtittle background with
other statistical concepts. We were amazed by thédégephistication shown in their
discourse, not necessarily by the words they used, khiebgeas and problems they
considered. Each group across all the class levelabiaso derive some measure of
variability. The solutions themselves were not crifioaly one group came up with a
generalizable solution. Instead, it was the discusaioong group members concerning
how to handle aspects of variability that was impartAs the students devised a method
for measuring reliability, they noted most of the featurghlighted by the contrasting
cases and worked to find methods that could accommodateféadgees.

The following transcript captures a representative digmussnong one group of
students. The students often pursued their individual,idbeiashey also vigorously
commented on each other’s ideas and the overall dtdteioproblem solving process.
The visual nature of the problem also made it easy éostildents to point to particular
features and to be sure that they were all lookingeasame thing (although this makes it

harder for the reader to follow along in the transcript)



94 Early on, the students noticed that the grids held diftenumbers of data points
95 (pitches). They debated the value of a solution metiaiincludes all the pitches versus

96 a method that uses a range-like formula.

97

98  JUAN: See you start at one point and count to others iftom

99 MICHAEL: Yeah but the other thing... Do you realize tha¢ioliere there are only 4 balls that they tested?
100  JUAN: Sure.
101  MICHAEL: Over here there are 5.
102  JUAN: Yeah, but it doesn’t matter. You only have to theenumber of balls in the calculation, or some
103 that follows the... [inaudible]
104 MICHAEL: So?
105 JUAN: The problem is, for example, here if you stamtinting from here you'll get a very different answer
106 than if you start counting from here.
107 MICHAEL: Exactly.
108 LORENZO: Yeah.
109 JUAN: So | would find something that includes all of theske distance from the target.
110 LORENZO: Yeah like [inaudible]
111 JUAN: Shortest distance from the target over longesadce from target is something I'd consider...
112  sorry, longest over shortest.

113

114 One of the advantages of groups, when they work wehaisthere will be more
115 ideas to work with compared to doing a task alone. Althdhgltonversation may seem
116 fractured, this is a natural feature of the early stafjesoving through many different
117 ideas. The following exchange provides an example ofdtadents productively moved
118 among ideas. Lorenzo, who had been relatively quiebhd@n opportunity to contribute

119 by noticing that one pitching grid had a tight cluster afhgts and another grid had an
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outlier. This led to an important discussion wherestidents worked with one
another’s ideas. Ultimately, Michael articulateskea of important issues for Lorenzo’s

proposed solution method and for subsequent methods thay maige generated.

LORENZO: Right here [Smythe] they're all grouped togethe

JUAN: Yeah.

LORENZO: But this outlier so we just...

MICHAEL: The closest is 2.

LORENZO | know.

JUAN: The largest is...

LORENZO: | know but you have...

JUAN: The longest over the shortest distance.

LORENZO: Yeah or we could just eliminate... just elimindtattone.

JUAN: That will give you the most reliability...

JUAN: ... the problem is... Then you'll say this [Big Bruigses very reliable because the distances
[shortest and longest] are the same. | was trying...

MICHAEL.: Although this one [Ronco] would be very rddla because all of them are closer to the target.

Like for this one [Smyth], we can always move thgeéathis way, so that you know every single ball....

At this point, the teacher arrived at their table anddeethe students understand
the task. In particular, the teacher emphasized teatgblution method had to yield
values that ranked the machines in accordance withaweirntuitions of reliability.

This constraint prevented the students from generatingo@ineay solution method.
Notice that the teacher did not answer the studentstignesbout how to do it; the

students had to assume responsibility for their solution
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TEACHER: What is your conclusion? Which one isrtiast reliable?

MICHAEL: Smyth’s finest.

TEACHER: Which one is the least?

JUAN: Big Bruiser Pitchomatic.

LORENZO: Yeah.

MICHAEL: Ronco.

JUAN: Big Bruiser Pitchomatic. This one is. This dhe!

MICHAEL: That one is less... less reliable and this immost.

TEACHER: And what about these two?

JUAN: Oh, you want us to rank them.

MICHAEL: These two are in the middle.

TEACHER: But your rule should reflect your ranking.

JUAN: Well sure, we have to now come up with a rule tffates our pre-defined bias.
TEACHER: So, if you say this is the most reliadfed your rule only comes up with this... is the highest
number somewhere in the middle then?

JUAN: The problem is now that what we have to do — tiatwe are mathematically bigoted --- we have
to justify it.

TEACHER: That's right.

JUAN: So how should we go about doing this?

TEACHER: That's an interesting question.

JUAN: So what you'’re going to say now is, “figure it ot yourself.”

TEACHER: That’s right. You got it.

JUAN: | figured how this class works already.

We use block periods (90 minutes) twice a week at our higio§dherefore, we
were able to fit group discussion and whole class prasens of the solutions into a

single block. After all groups had devised their methods) gemup recreated their
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solution for one of the grids on an overhead. It wgsortant that their solutions be
transparent and precise, because a student volunteea fdifferent group was selected
to explain the method to the class using only what wésewron the overhead. This
requirement elicited even more valuable discussion grgooup members about possible
misinterpretations and ways to clarify and simplify ¢ginephics. During the
presentations, students continued to question one anotiearnmg the rationale and
generality of their methods. The teacher remainedtanested bystander, only helping
to clarify what students said, if necessary.

During the regular 50-minute period the following day, thelteagave a second,
but briefer task, to make sure the students could connecthidyalearned from the
original visual problem to numerical data presentatianghis task, the student groups
received pairs of small data sets, one pair at a fmmesxample, they first received
{13579}v. {3456 7}. They were told that each numbea wet represents how high a
ball bounced when it was dropped on a particular trampolimer Task was to invent a
way to compute which of the two trampolines was moreisterg. They repeated the
process withthe pairs{11119}v.{13579}and {135}v.{B 355}

Then the teacher gave a brief 5-10 minute lecture abouteéhe deviation, one
solution method that mathematicians invented to soksetkinds of problems. The
teacher applied it to the trampoline data to show hoverked. Students were interested
to see how their solution method fared against thateofrththematicians. Following the
lecture, the students spent 10-15 minutes practicing witivasmall data set. Our hope

was that the students’ use of discourse and their expesemth the Pitching Machine



195 and trampoline activity better prepared them to understandbility and to learn how

196 the mean deviation formula does such a good job of manitl
197 Evidence that Students Learned

198 A week after learning about variability and standardizedesc(e.g., grading on a
199 curve), the students took a written test. One quessikedathe students to compute a
200 measure of variability. Eighty-six percent accuratalynputed the mean deviation. A
201 vyear later we retested a random subset of 30 studdiysdien percent remembered
202 how to compute the mean deviation, even though they hgoadticed for 10 minutes
203 the year before with no intervening practice. We coegbéinese students with a random
204 sample of college students from a top-20 public universadgqaling toUS News and

205 World Report) who had taken a semester of college statisticsmitia past two years.
206 None of the college students remembered how to computasureeof variance.

207 We also included an item in the posttest to see ifttigeats understood the

208 rationale behind the structure of the mean deviationd@@mvhich we thought the

209 invention process had prepared them to learn from theléciaire. We asked them why

X=X
210 the formulaM divides byn. Sixty-four percent of students indicated that it
n

211 addressed the problem of different sample sizes. Fopaason, we also asked them

212  why the slope formula, which they had learned a few weakKger without a discourse-

Yo=Y
Xo = Xp

213 driven curriculum, subtractg from % in m= . For this problem, only 32% of

214  the students could explain why, although they cagiel the formula. Discourse-based
215 activities, when done well, can increase studergsteptual understanding of statistics

216 and formulas.
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Key Components for Eliciting Meaningful Mathematical Discourse

In our experience, the key components behind this succetsfatoom
experience included an engaging activity that helped stufitents on the important
things they should discuss, groups of two or more studerdss seacher comfortable
with and proficient at facilitating classroom discouM& discuss each component in
turn so teachers may be able to find or design theirlessons.

The activity must be approachable for the students. fTidests should be able
to try out things quickly, and easily revise their inigfforts as they begin to notice more
aspects of the problem. For example, the visual foofndite pitching machine problem,
plus its comprehensible context and contrasting catb@sed the students to start
sketching answers quickly, before they started to comput#fispgnswers. Problems
with several solution paths are also desirable bedheganake it possible for many
students in the group to bring different legitimate ideathe table and keep the
conversation going. Problem solving books abound; therrteg& for the teacher is to
identify relevant, enriching problems that can lead to goscudsion and a better
understanding of the curriculum. We hope our exampleh&lp other teachers identify
likely candidates. (Additional examples of statisacsivities may be found in the

appendix of Schwartz and Martin, 200é#p://AAALab.Stanford.Edy)

Students working in groups have the opportunity to engage inrgg@ometimes
heated discussions about mathematics. Ultimatelygdheis for individual students to
adopt the group habits of questioning, checking, and explainimghware critical for
meaningful learning and mathematical communication. Alamenfeld (1995) noted in

his studies of mathematical problem solving that studentkimgpalone tended to
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quickly search for familiar, formal mathematics thewld apply to novel problems, with
little regard to the accuracy and feasibility of thesponse. In the pitching machine task,
we tried to solve this problem by having students work in groa@snovel inventing

task where, instead of causing a rushed solution, theedigmorance of how to begin
freed them to analyze all aspects of the problem.

In addition to the valuable collaboration among studemtsdded bonus of
student discourse is that it reveals student thinking ttgacher, who can take note of
misconceptions or ideas to be discussed later. Theetreawst be willing to let the
groups hash out their ideas by not jumping in immediatepoint out either erroneous
or correct solutions. A simple question about their pge@ how it applies to a
different data set can help students move forward. é\same time, teachers need to be
able to adapt quickly to unorthodox or creative solutioayg thight encounter as they
circulate among the groups. For example, with the pitcimachine task, many students
used an area solution (Figure 2A). Several teachersamdhis solution asked whether
the area solution would work if all the dots were irtraight line. By generating the new
case on the fly, the teachers kept the student discusisien At the same time, the
teachers modeled an important aspect of mathematio&lrtgi namely, generating cases
that test the generality of a solution method. In domthese types of activities, the
teacher assumes the role of manager who must decideexte let the ball players just
keep playing, interrupt to give the pitcher advice or suppodyen set up a play that the

players can try out.
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Trade-offs

Having students engage in invention activities and making greagentations
doesrequire extra class time compared to more tradititaladnd-practice lessons, and
they may not elicit correct responses during the ingargession. An additional class
period may be required to present the correct solutioost khath teachers allow one day
per topic or section in the book, plus a review day befwdest. The invention process
would add a day of instruction. However, our experienogvshhat students who have a
chance to discuss their own inventions are more prepadedrn and retain subsequent,
related material, which can potentially save timehm future. Schwartz and Martin
(2004), for example, also conducted a formal study thapaoed a more traditionsd|-
and-practice style of instruction with theliscourse over inventing instruction. They
found that the two styles of instruction looked the sarhen the students were tested
directly on the computational aspects of the lessbims.big difference showed up later.
The students in the discourse condition learned oveetas much from later, related
lessons.

We would recommend the use of invention periodically aglgopics and
problems present themselves, especially at the beginnangraf or main idea in

mathematics. If the ball is hit correctly, it wgid out of the park.
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Batter Up!

Here are four grids showing the results from four different pitching machines. The
X represents the target and the black dots represent where different pitches
landed. Your task is to invent a procedure for computing a reliability index for
each of the pitching machines. There is no single way to do this, but you have to
use the same procedure for each machine, so it is a fair comparison between the
machines. Write your procedure and the index value you compute for each
pitching machine using the grids below.
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